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Recent decline in Arctic sea ice extent
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Recent decline in Arctic sea ice extent
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Arctic energy balance model
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Arctic energy balance model

= =0 -am)Eo]| - [E© +8rE )

incoming outgoing

Major components:

* E hasno spatial extent

Seasonally-varyingincoming solar radiation

Ice-albedo feedback

State-dependent definition of energy:

EF Ocean mixed—layer temperature (E > 0)
Ice thickness (E < 0)

Sea ice thermodynamics

(Eisenman and Wettlaufer 2009)
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Arctic energy balance model
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Arctic energy balance model
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Arctic energy balance model
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Arctic energy balance model

dE

dt

Albedo (a)
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Energy (E)

albedo

(1-a(B)F() — (F(0) +BT(E, 1))

outgoing temperature
longwave
radiation

N

= Zw E (ocean)

T « 0 (melt)
f(t, E) (ice)

(Eisenman and Wettlaufer 2009)
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Bifurcation analysis: motivation
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Bifurcation analysis: motivation
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Arctic energy balance model

dE
i (1-a(E))F(t) — (F(t)+BT(E,t))
albedo outgoing temperature
longwave
radiation
~ 1 4 4
S )
g i w2, TN = 2 E  (ocean)
RS Tx{ 0 (melt)
—~ AT 0 O
<0 - - B f(t,E) ice)
0 0 1 0 1
Energy (E) t ¢

(Eisenman 2012)
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Arctic energy balance model

Ucll—f = (1-a(E))F(t) — (F(t) +BT(E, 1))
albedo outgoing temperature
longwave
radiation
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Solutions in the piecewise-constant albedo
limit

We can rewrite our model as:

dE._ |(1+Aa)F(t) — (F(0) + BT(E,t)), E>0
dt | (1- Aa)F(t) — (F,(t) + BT(E,t)), E<O0

_ [Fy(t) = BT(E,1), E>0
- |F_(t) - BT(E,t), E<O0
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Dynamical System

Analysis

Solutions in the piecewise-constant albedo

limit
We can rewrite our model as:

dE ) (1+Aa)F(t) — (F(t) + BT(E, 1))
dt | (1 - Aa)F(t) — (F(t) + BT(E, 1))

_ |Fy(®) - BT(E, 1),

E>0
~ |F_(t) = BT(E, t),

E<O

( F, — BE, E=0 [no ice]
JF_

{—E’

—0.5

0
F, E <0,F. >0 [ice melting]

E <0,F. <0 [ice growing]
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Piecewise-smooth dynamical systems

No sliding Attracting Sliding Repelling sliding
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Piecewise-smooth dynamical systems

No sliding Attracting Sliding Repelling sliding
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Repelling sliding intervals
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Repelling sliding intervals

1. Width determined by F.:

dE _ (F,(t) — BT(E,t), E>0
dt |F_(t) —BT(E,t), E<O0

2. Affect stability of solutions

3. Introduce non-uniqueness



Motivation Dynamical System

1. Sliding interval width

dE  (F.(t) — BT(E,¢t),
dt ~ |F_(t) — BT(E, ),

Analysis

E>O0
E<O

F.(t)

Results
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2. Stability: Floguet multiplier

:I:P(EO-I_E)

Eq P(Eo)

to to +1

P(Ey + &) — P(Ep)
Floquet Multiplier = 3

t0+1a
exp <th %(T,E) dr)
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2. Stability: Floguet multiplier
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Motivation

2. Stability: Floguet multiplier

Dynamical System
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2. Stability: Floguet multiplier

AE = 0.02 ,
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Using Filippovsolutions(AE = 0) to approximatethe Floquet multiplier:

t0+1a
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3. Non-unique solutions

* Omit non-unique periodic solutions from bifurcation diagram
* Leadsto bifurcationdiagram with ‘gaps’

* Grazing-sliding bifurcations
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Bifurcation analysis: motivation
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Bifurcation analysis: motivation
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Comparing piecewise-smooth to Filippov

Filippov
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Comparing piecewise-smooth to Filippov

Filippov
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Analysis Results

Motivation Dynamical System

Relationship between sliding intervals
and gap size

Sliding width comes from Fy:

dE _ [F.(t) — BT(E, 1), E>0
dt F_(t) — BT(E,t), E<O
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Motivation Dynamical System Analysis Results

Relationship between sliding intervals
and gap size

Sliding width comes from Fy:

dt

dE (F.(t) —BT(E,t), E>0
dt ~ |F.(t) =BT(E,t), E<0
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Results

Relationship between sliding intervals
and gap size

Map F; to a standard form:
Fr=((1%A,)(1—S,cos2mt) — (L, + Lg cos2m(t — ¢))

—>  Fy =F; + F; cos(2nt — 4)

AY =9y —_

Fi(t)




Motivation Dynamical System Analysis Results

Varying Ay

don‘t change with Ay
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Varying Ay
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Varying Ay
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Varying Ay
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Varying Ay
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Energy (min(E))
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Size of the jump: A(min(E))
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